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We show that a new type of two-body interaction, which depends on the momentum of the center
of mass (CoM) of these two particles, can be realized in ultracold atom gases with a laser-modulated
magnetic Feshbach resonance (MFR). Here the MFR is modulated by two laser beams propagating
along different directions, which can induce Raman transition between two-body bound states.
The Doppler effect causes the two-atom scattering length to be strongly dependent on the CoM
momentum of these two atoms. As a result, the effective two-atom interaction is CoM-momentum
dependent, while the one-atom free Hamiltonian is still the simple kinetic energy p2/(2m).
PACS numbers: 34.50.Cx, 34.50.Rk, 67.85.-d
Introduction. In most physical systems the interaction
between two particles is a function of their relative posi-
tion, and is independent of the two-body center of mass
(CoM) degree of freedom. In some other systems, e.g.
ultracold atom gases with interatomic scattering length
being modulated by an inhomogeneous magnetic or laser
field [1], the two-body interaction can be dependent on
the CoM position. In this letter we show that a new type
of interaction, which depends on the two-body CoM mo-
mentum, can be realized in ultracold atom gases, while
the one-body free Hamiltonian remains the simple kinetic
energy. Explicitly, we propose an approach to realizing
an ultracold atom gas where the Hamiltonian of every
two atoms can be formally expressed as
H2b =
p21
2m1
+
p22
2m2
+ Veff(r1 − r2,p1 + p2), (1)
with mi, pi and ri (i = 1, 2) being the mass, momentum
and position of the ith atom, and Veff being the CoM-
momentum dependent effective two-atom interaction. To
our knowledge, this type of interaction, which couples the
two-body CoM motion and the relative motion without
breaking the translational symmetry and changing the
one-body dispersion relation, has not been discovered in
any quantum system.
Our proposal is based on the magnetic Feshbach res-
onance (MFR) modulated by two Raman laser beams
propagating along different directions, which couple the
two-body bound states in the closed channel and are far
off resonant for one-body transitions. When the inter-
atomic interaction of an ultracold gas is controlled by
such an approach, the two-atom scattering length is de-
termined by the frequencies of these two laser beams.
Furthermore, due to the Doppler effect, when the atoms
are moving the frequency of the laser beams can be effec-
tively shifted, and the magnitude of the frequency shift
depends on the two-atom CoM momentum. As a result,
in this system the two-atom scattering length, which de-
scribes the effective two-atom interaction, becomes CoM-
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FIG. 1: (color online) Schematic diagram for the MFR mod-
ulated by Raman laser beams propagating along different di-
rections (i.e., kα 6= kβ).
momentum dependent. In addition, the two-body colli-
sional loss induced by spontaneous emission from excited
state atoms can be significantly suppressed by the molec-
ular dark state effect [2].
In all the previous research for the optical control of
interaction between ultracold atoms [1–21], the Doppler
effect has always been ignored. This can be explained
as follows. In these control processes the laser beams
should be far off resonant to the two-body transitions so
that the collisional loss induced by atomic spontaneous
emission can be suppressed. As a result, the Doppler shift
of the laser frequency is much smaller than the detuning
of the laser-induced two-body transitions, and thus the
Doppler effect is negligible. However, in our system the
two-atom scattering length depends on not only the one-
photon detuning but also the two-photon detuning of the
laser-induced two-body Raman transition. Since the two-
photon detuning can be very small, it can be significantly
changed by the Doppler frequency shift of the Raman
laser beams. Therefore, the Doppler effect can be very
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Three-dimensional (3D) s-wave scattering length. We
consider the s-wave scattering of two ultracold alkali
atoms in the ground electronic orbital state (i.e., the S-
state). As shown in Fig. 1, we assume these two atoms
are incident from the open channel O corresponding to
one specific two-atom hyperfine state. The threshold of
this channel is near resonant to a bound state |φα〉 in the
closed channel C, which corresponds to another hyper-
fine state of these two S-state atoms. The energy differ-
ence between |φα〉 and the threshold of channel O can
be controlled by the magnetic field. Thus, a MFR [22]
can be induced by the hyperfine coupling Vhf between
the open channel O and |φα〉. We further assume that
a laser beam α with wave vector kα is applied to couple
|φα〉 to another two-body bound state |φe〉 in an excited
channel F where one atom is in the S-state and another
atom is in the excited electronic orbital state (i.e., the
P-state). The excited molecular state |φe〉 can decay via
the atomic spontaneous emission process. In addition,
|φe〉 is also coupled to a bound state |φβ〉 in the closed
channel C, by another laser beam β with wave vector kβ .
As mentioned above, we assume the laser beams α and
β are far off resonant for all the one-atom transition pro-
cesses. As a result, they only induce two-body transitions
and do not change the one-atom Hamiltonian.
In our system the scattering length a can be controlled
by both the magnetic field and the laser beams α and β.
As we will show below, when these two beams propagate
along the same direction, the Doppler effect is negligible
and the scattering length is still independent of the two-
atom CoM momentum. The control of the interatomic
interaction for this case was proposed by H. Wu and J.
Thomas in Refs. [2, 3] in 2011, where the wave vectors
kα,β were reasonably ignored. It was experimentally re-
alized by A. Jagannathan et al. in 2016 [4].
In this letter we consider the case where the two laser
beams are propagating along different directions, i.e.
kα 6= kβ . We will show that in this case the Doppler
effect can be very important. As a result, the scattering
length becomes significantly dependent on the two-atom
CoM momentum.
Now we calculate the scattering length a. Here we first
ignore the spontaneous decay of the excited molecular
state |φe〉 and illustrate the approach of our calculation.
Then we will take this decay into account and derive the
explicit expression for a. In the absence of the spon-
taneous decay, in the Schro¨dinger picture the two-body
Hamiltonian can be written as (~ = 1)
HS =
P2
2M
+HMFR + Eβ |φβ〉〈φβ |+ Ee|φe〉〈φe|,
+
∑
l=α,β
Ωle
i(kl·R−ωlt)|φe〉〈φl|+ h.c., (2)
with HMFR being defined as
HMFR =
[
p2
2µ
+ Vbg(r)
]
|O〉I〈O|+ Eα|φα〉〈φα|
+Vhf(r)|O〉I〈C|+ h.c.. (3)
Here |j〉I (j = O,C, F ) denote the two-body internal
state corresponding to channel j [23], M is the total mass
and µ is the two-atom reduced mass, El (l = α, e, β) is
the energy of the bound state |φl〉, ωl (l = α, β) is the fre-
quency of laser beam l, and Ωl (l = α, β) is the strength
of the laser-induced coupling between |φl〉 and |φe〉. We
have chosen the zero-energy point as the threshold of the
open channel O. In Eqs. (2, 3) R and P are the co-
ordinate and momentum of the CoM, while r and p are
those of the two-atom relative motion. The interaction in
the open channel O is Vbg(r), and the hyperfine coupling
between channels O and C is described by Vhf(r).
We can simplify our problem and remove the phase
factor e±i(kl·R−ωlt) (l = α, β) by introducing a rotated
frame (interaction picture) where quantum state |Ψ〉rot
is related to the state |Ψ〉S in the Schro¨dinger picture via
the relation |Ψ〉rot = U|Ψ〉S , Here the unitary transfor-
mation U is given by
U = ei(ωαt−kα·R)|φe〉〈φe|ei[(ωα−ωβ)t−(kα−kβ)·R]|φβ〉〈φβ |. (4)
In this rotated frame, the two-body Hamiltonian becomes
Hrot =
P2
2M
+HMFR +
∑
l=α,β
Ωl|φe〉〈φl|+ h.c.
+∆1p(P)|φe〉〈φe|+ ∆2p(P)|φβ〉〈φβ |, (5)
where
∆1p(P) = ∆
(0)
1p +
|kα|2
2M
+
kα ·P
M
; (6)
∆2p(P) = ∆
(0)
2p +
|kα − kβ |2
2M
+
(kα − kβ) ·P
M
, (7)
with ∆
(0)
1p = Ee − ωα and ∆(0)2p = Eβ − (ωα − ωβ). The
physical meaning of ∆1p(P) and ∆2p(P) can be under-
stood as follows. Scattering length a is determined by the
multi-order transition process from the open channel O
to the bound state |φα〉 (induced by hyperfine coupling)
and then to the excited molecular state |φe〉 (induced by
laser α), and finally to the bound state |φβ〉 (induced by
laser β). This is essentially a Raman process induced by
the laser beams α and β. ∆1p(P) given by Eq. (6) is
the one-photon detuning of this Raman process (i.e., the
detuning of the transition O → |φα〉 → |φe〉). Similarly,
∆2p(P) is the two-photon detuning of the complete Ra-
man process from O to |φβ〉. Moreover, in Eqs. (6) and
(7) ∆
(0)
1p and ∆
(0)
2p can be understood as the bare value
of these detuning, |kα|2/(2M) and |kα − kβ |2/(2M) are
the shifts induced by the momentum-recoil effects, and
the P-dependent terms are the Doppler shifts.
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FIG. 2: (color online) (a) and (b): Re[a(Px)] of
40K atoms
with B−B0 = ∓0.07∆B . The black dotted line indicates the
point where 1/(kF |Re[a]|) = 1. (c): The dispersion relation
Edim(Px) ≡ P
2
x
4m
+ Re[Eb(Px)] (black solid line) and lifetime
τb(Px) (red dashed line) of the most shallow dimer for the case
in (a). The blue dotted line indicates the point with minimum
total dimer energy. (d): The loss rate K2(Px) for the cases
in (a, b). In the calculations we take ∆
(0)
1p + |kα|2/(2M) =
2pi×400MHz while ∆(0)2p +|kα−kβ |2/(2M) = −2pi×2.1×104Hz
for (a) and 2pi × 1.2 × 104Hz for (b). In the experiment of
laser-modulated MFR of 40K atoms [14], the laser-induced
coupling intensity between bound states can be as large as
30MHz. Thus, here we choose Ωα = 2pi× 50MHz while Ωβ =
2pi×10MHz for (a) and 2pi×12MHz for (b). We further choose
ωa ≈ ωb = 2pi×3.9×1014Hz and γ = 2pi×6MHz, respectively
[14]. Other parameters are given in the main text.
According to Eq. (4), we have U|O〉I〈O|U† = |O〉I〈O|.
Thus, all the operators for the open channel O are un-
changed under the frame transformation. Therefore, we
can calculate the scattering length of two atoms incident
from channel O, which is determined by the behavior of
the low-energy scattering wave function in this channel in
the limit r →∞, by solving the scattering problem in the
rotated frame, which is governed by Hrot. Furthermore,
Eq. (5) shows that in this frame the CoM momentum P
is conserved. Thus, the scattering length a is a function
of P.
Now we consider the spontaneous decay of the excited
molecular state |φe〉. We can theoretically take into ac-
count this decay by introducing an auxiliary scattering
channel which is coupled to |φe〉 [24]. With this approach
we derive the exact analytical expression of the scattering
length [25]:
a(P) = abg−
(δµ)abg∆B
[
∆1p(P)− iγ2 − |Ωβ |
2
∆2p(P)
]
(δµ)(B−B0)
[
∆1p(P)− iγ2 − |Ωβ |
2
∆2p(P)
]
− |Ωα|2
.
(8)
Here abg, B0 and ∆B are the background scattering
length, the resonance position and the width of the MFR.
Explicitly, in the absence of the Raman laser beams we
have a = abg[1−∆B/(B −B0)]. δµ is the magnetic mo-
ment difference between the channels O and C, and γ is
the spontaneous decay rate of |φe〉. The energy of two-
body bound state can also be calculated via the same
approach.
It is clear that the scattering length a(P) depends
on the CoM momentum P via the one-photon and two-
photon detuning ∆1p(P) and ∆2p(P). In a realistic sys-
tem, to suppress the collisional loss induced by the spon-
taneous decay of |φe〉, one usually sets the bare value
∆
(0)
1p of the one-photon detuning to be very large. As
a result, the P-dependence of ∆1p(P) is usually negli-
gible. However, the bare two-photon detuning ∆
(0)
2p can
be very small, and thus the variation of ∆2p(P) with P
can be very significant. Therefore, a(P) can be strongly
dependent on P via ∆2p(P).
Furthermore, according to Eq. (7), when the two Ra-
man beams are propagating along the same direction
(i.e., kα ≈ kβ), ∆2p(P) takes a P-independent value
∆
(0)
2p , and thus the Doppler effect can be ignored. For
this case it was shown that the two-body loss can be
suppressed by the molecular dark state effect, provided
that ∆
(0)
2p is small enough [2]. Since we can re-obtain the
scattering length for this case [2] by replacing ∆2p(P)
in Eq. (8) with ∆
(0)
2p , for our system the two-body loss
can also be suppressed when ∆2p(P) is small enough.
This suppression can also be understood from the fact
lim∆2p(P)→0 Im[a(P)] ∝ O(∆2p(P)2).
3D ultracold Fermi gas. As an example, we consider
a 3D ultracold gas of two-component 40K atoms in the
lowest two hyperfine states | ↑〉 ≡ |F = 9/2,mF = −9/2〉
and | ↓〉 ≡ |F = 9/2,mF = −7/2〉. Here we focus on the
MFR with B0 = 202.2 G, ∆B = 8 G and abg = 174a0
[14, 22], with a0 being the Bohr radius, and assume
that this MFR modulated by two Raman beams as dis-
cussed above. We take these two beams to be counter-
propagating along the x-axis. Thus, the scattering length
a only depends on the x-component Px of P. In the ul-
tracold Fermi gas Px is mainly in the region between
−2kF and 2kF , with kF being the Fermi momentum.
We consider an ultracold gas with Fermi temperature
TF = 0.5µK (corresponding to kF = 9.1× 106m−1).
In Fig. 2(a, b) we illustrate the real part of a given
by Eq. (8) for B − B0 = ∓0.07∆B . It is shown that
in these cases Re[a] is always positive or always negative
for Px ∈ [−2kF , 2kF ], and can change by about 2500a0
with Px, ranging from the region with 1/(kF |Re[a]|) < 1
to the region with 1/(kF |Re[a]|) > 1. Direct calculations
show that these results are robust with respect to the
uncertainties of B0 and ∆B . For the case of Fig. 2(a)
we further calculate the energy Eb of the most shallow
two-body bound state, as function of the CoM momen-
tum Px. In Fig. 2(c) we show the total dimer energy
Edim(Px) ≡ P
2
x
2M + Re[Eb(Px)] as a function of Px, i.e.
4the dispersion relation of the shallow dimer. It is clear
that if the Eb were independent of Px, the minimum point
of Edim appears at Px = 0. As shown in Fig. 2(c), due
to the Px-dependence of Eb, in our system E(Px) takes
its minimum value when Px = −0.66kF .
Now we investigate the two-atom collisional loss. If
the scattering length a was independent of the CoM
momentum, the two-body collisional loss rate is K2 ≡
−8pi~Im[a]/m, with m being the single-atom mass. Ac-
cordingly, the lifetime of the ultracold gas can be defined
as τ = 1/[K2n0], where n0 is the initial atom density.
When a is Px-dependent, it is difficult to exactly cal-
culate the two-body loss rate and lifetime for the gas.
Nevertheless, we can still estimate the loss effect via the
parameter K2(Px) ≡ −8pi~Im[a(Px)]/m. As shown in
Fig. 2(d), K2(Px) is below 2 × 10−12cm3/s for the sys-
tems studied in Fig.2 (a, b). Using the atom density
n0 = 1.28 × 1013/cm3 corresponding to TF = 0.5µK,
we can obtain 1/[K2(Px)n0] > 0.04s. In addition, in
Fig. 2(d) we illustrate the lifetime τb ≡ 1/(Im[Eb(Px)])
of the shallow dimer. It is shown that τb is about 0.1s at
the minimum point of the dimer energy.
Quasi one dimensional (quasi-1D) ultracold Fermi gas.
Now we consider an ultracold two-component Fermi gas
in an axially symmetric two-dimensional harmonic poten-
tial in the y−z plane, with trapping frequency ω⊥. When
the atomic transverse motion is frozen in the ground state
of this harmonic potential, the ultracold gas becomes a
quasi-1D system. For this system the effective low-energy
1D interaction between two atoms in different compo-
nents can be expressed as
V1D = g1Dδ(x) ≡ − 1
µa1D
δ(x). (9)
Here a1D is the effective 1D scattering length. It can
be controlled by both the 3D scattering length and the
transverse trapping frequency ω⊥ via the confinement-
induced resonance (CIR) effect [26]. As shown above,
when the two-atom interaction is controlled by a MFR
modulated by two Raman beams counter-propagating
along the x-axis, the 3D scattering length becomes a
function of the CoM momentum Px. As a result, both
a1D and the effective 1D interaction intensity g1D become
Px-dependent.
In particular, when a1D(Px = 0) is tuned to the CIR
point, i.e. when a1D(Px = 0) = 0, one can even obtain a
dramatic quasi-1D system with
g1D(Px) =
 < 0 for Px > 0=∞ for Px = 0
> 0 for Px < 0
. (10)
Namely, in this system the atoms have attractive and
repulsive 1D interactions when the CoM momentum is
along the +x and −x direction, respectively, and have an
infinitely strong interaction when the CoM momentum is
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FIG. 3: (color online) Re[g1D(Px)] and Re[a1D(Px)] (inset)
of the quasi-1D ultracold gas of 40K atoms. We consider
the system where the one-body momentum kx along the x-
direction is in the region between ±k(1D)F ≡ ±3/(4b⊥) with
b⊥ =
√
2/(mω⊥). Thus we have Px ∈ [−2k(1D)F , 2k(1D)F ]. In
our calculation we take ∆
(0)
1p + |kα|2/(2M) = 2pi × 100MHz,
∆
(0)
2p +|kα−kβ |2/(2M) = 2pi×1.1×104Hz, Ωα = 2pi×50MHz,
Ωβ = 2pi × 3.5MHz, b⊥ = 4000a0 and B − B0 = −0.07∆B .
Other parameters are the same as in Fig. 2.
zero. In Fig. 3 we illustrate such a case for a quasi-1D
ultracold gas of 40K atoms in hyperfine states | ↑〉 and
| ↓〉. The lifetime of this quasi-1D gas is estimated to be
larger than 0.04s [25]. .
Summary and discussion. In common quantum sys-
tems, the two-body CoM and relative motion can be
coupled by a non-harmonic confinement potential, a spin-
orbit coupling or a CoM-position-dependent two-body in-
teraction. Nevertheless, these approaches either destroy
the translational symmetry or change the one-body dis-
persion relation. Here we show that a CoM-momentum
dependent interaction between ultracold atoms can be re-
alized via a laser-modulated MFR. This interaction can
couple the CoM and relative motion without breaking
translational symmetry or changing the one-body disper-
sion relation. Thus, various new effects can be induced by
this interaction. For instance, for a 3D two-component
Fermi gas with CoM-momentum dependent positive scat-
tering length a(P), the dimers are possible to condense in
a superfluid state with nonzero momentum. When a(P)
is negative, it is possible that the minimum energy of a
Cooper pair appears in the region with nonzero CoM mo-
mentum, and thus the Fulde-Ferrell phase [27] can be in-
duced. In addition, the single-atom momentum distribu-
tion or contact relation can also be qualitatively modified
by a CoM-momentum dependent interaction [28]. Fur-
thermore, this type of interaction can be used to study
the 1D anyon model [29] or other high-order nonlinear
Schro¨dinger models [30–32].
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1SUPPLEMENTARY MATERIAL
In this supplementary material we will first prove Eqs. (5-7) in our main text, and then calculate the three-
dimensional (3D) scattering length for our system, with a model in which the spontaneous decay of the excited
molecule state is included. We will further calculate the energy and lifetime of the most shallow two-body bound
state for our system, and discuss the robustness of our results with respect to the uncertainty of the magnetic
Feshbach resonance (MFR) point and width. In the end of this supplementary material we calculate the effective
one-dimensional (1D) scattering length and interaction intensity.
I. PROOF OF EQS. (5-7)
As shown in our main text, the rotated frame introduced in our problem is defined via the relation
|Ψ〉rot = U|Ψ〉S , , (S1)
where |Ψ〉S and |Ψ〉rot are the states in the Schro¨dinger picture and the rotated frame, respectively, and U is the unitary
transformation given by Eq. (4) of the main text. Substituting the relation (S1) into the Schro¨dinger equation
i
d
dt
|Ψ〉S = HS |Ψ〉S , (S2)
with HS being given by Eq. (2) of the main text, we obtain the Schro¨dinger equation satisfied by the state in the
rotated frame:
i
d
dt
|Ψ〉rot = Hrot|Ψ〉rot, (S3)
where Hrot is the Hamiltonian in the rotated frame, and is given by
Hrot = UHSU† + i
(
d
dt
U
)
U†. (S4)
Substituting Eq. (2) and (4) of our main text into Eq. (S4), we can obtain Eqs. (5-7) of the main text. Here we have
used the relations
eik·R|φj〉〈φj |Pe−ik·R|φj〉〈φj | = P+ k|φj〉〈φj |; (S5)
eik·R|φj〉〈φj |
(
P2
)
e−ik·R|φj〉〈φj | = (P+ k|φj〉〈φj |)2 = P2 +
(
k2 + 2k ·P) |φj〉〈φj | (S6)
for j = e, β, where k is a constant vector (c-number) while P and R are the operators for CoM momentum and
position, respectively. They satisfy [Pi, Rj ] = i~δi,j for i, j = x, y, z, with Pi and Rj being the components of P and
R in the directions i and j.
II. EXPLICIT EXPRESSION FOR 3D SCATTERING LENGTH
Now we derive the explicit expression for 3D scattering length, i.e., Eq. (8) of our main text, with a model where
the spontaneous decay of the excited molecule state is taken into account.
A. Model and Rotated Frame
As shown in Ref. [23] of the main text, in our problem the Hilbert space is HCoM
⊗Hrel⊗Hinternal, where Hinternal
being the space for the two-atom internal state, while HCoM and Hrel are the spaces for the spatial states of CoM
motion and relative motion, respectively. Here we use |〉I and |〉r to denote the states in Hinternal and Hrel respectively,
and use |〉 to denote the states in Hrel
⊗Hinternal.
As mentioned in the main text, we can theoretically take into account the spontaneous decay of the excited molecular
state |φe〉 by introducing an auxiliary scattering channel D which is coupled to the channel F (Fig. S1) [1]. The two-
atom internal state corresponding to this channel can be formally denoted as |D〉I . Accordingly, in the Schro¨dinger
picture the total Hamiltonian for the two atoms in the 3D space is given by (~ = 1)
H
(tot)
S = HS +
[
p2
2µ
+ ED + VD(r)
]
|D〉I〈D|+ VFD(r)|F 〉I〈D|+ h.c.., (S7)
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FIG. S1: (color online) The model used in our calculation.
where HS is defined in Eq. (2) of the main text, ED and VD(r) are the threshold energy and potential for the auxiliary
channel D, respectively, and VFD(r) describes the coupling between channel D and the excited channel F . Other
notations are defined in the main text. The energy gap Ee−ED between the excited molecular state and the threshold
of the auxiliary channel D is on the order of optical transition (i.e.,∼ 2pi × 1014Hz).
As shown in the main text, we can simplify our problem and remove the phase factor e±i(kl·R−ωlt) (l = α, β) in the
Hamiltonian by introducing the rotated frame (i.e., the interaction picture). In the presence of the auxiliary channel
D, quantum state |Ψ〉rot is related to the state |Ψ〉S in the Schro¨dinger picture via the relation |Ψ〉rot = U |Ψ〉S , with
the unitary transformation U being given by
U = Uei(ωαt−kα·R)|D〉I〈D| = ei(ωαt−kα·R)(|φe〉〈φe|+|D〉I〈D|)ei[(ωα−ωβ)t−(kα−kβ)·R]|φβ〉〈φβ |, (S8)
where U is defined in Eq. (4) of the main text. In the rotated frame, the total Hamiltonian is given by
H
(tot)
rot =
P2
2M
+Hrel(P). (S9)
Here Hrel(P) is defined as
Hrel(P) = HF (P) + Y + Z, (S10)
with
HF (P) =
[
p2
2µ
+ Vbg(r)
]
|O〉I〈O|+
[
p2
2µ
+ ∆1p(P) + ED − Ee + VD(r)
]
|D〉I〈D|
+ Eα|φα〉〈φα|+ ∆1p(P)|φe〉〈φe|+ ∆2p(P)|φβ〉〈φβ |, (S11)
and
Y = Vhf(r)|O〉I〈C|+ VFD(r)|F 〉I〈D|+ h.c.; (S12)
Z =
∑
l=α,β
Ωl|φe〉〈φl|+ h.c.. (S13)
In Eq. (S11) the one-photon detuning ∆1p(P) and two-photon detuning ∆2p(P) and other notations are all defined
in the main text.
It is clear that for a given CoM momentum P, the two-body relative motion is governed by Hrel(P). In the
following we calculate the scattering length and two-body bound state energy by solving the two-body problem with
Hamiltonian Hrel(P).
3B. 3D Scattering State
To calculate the scattering length and bound-state energy, here we first calculate the 3D scattering state and
scattering amplitude of two atoms incident from the open channel O with incident momentum k. To this end we first
derive the out-going scattering state |Ψ(+)k 〉 for these two atoms which can be expanded as
|Ψ(+)k 〉 = |ψ(O)k 〉r|O〉I + |ψ(D)k 〉r|D〉I +
∑
l=α,e,β
b
(l)
k |φl〉
≡ |Φk〉+
∑
l=α,e,β
b
(l)
k |φl〉 (S14)
and satisfies the equation [2]
|Ψ(+)k 〉 = lim
ε→0+
iε
Ek + iε−Hrel(P) |k〉r|O〉I . (S15)
Here Ek = k
2/(2µ) is the scattering energy, |k〉r is the eigen state of the relative momentum operator p, and thus
|k〉r|O〉I is the incident state of these two atoms. Using the relation
1
Ek + iε−Hrel(P) =
1
Ek + iε−HF +
1
Ek + iε−HF (Y + Z)
1
Ek + iε−Hrel(P) , (S16)
we can re-write Eq. (S15) as [3]
|Ψ(+)k 〉 = |ψbg(+)k 〉r|O〉I +GF (Ek)(Y + Z)|Ψ(+)k 〉, (S17)
with
|ψbg(+)k 〉r = lim
ε→0+
iε
Ek + iε−
(
p2
2µ + Vbg(r)
) |k〉r. (S18)
being the outgoing scattering state for the open channel O itself and
GF (E) =
1
E + i0+ −HF . (S19)
Substituting Eq. (S14) into Eq. (S17), we derive the equaitons for |Φk〉 and the coefficients b(l)k (l = α, e, β):
|Φk〉 = |ψbg(+)k 〉r|O〉I +GF (Ek)Y
 ∑
l′=α,e,β
b
(l′)
k |φl′〉
 ; (S20)
b
(l)
k =
1
Ek − Λl(P)
〈φl|Y |Φk〉+ ∑
l′=α,e,β
〈φl|Z|φl′〉b(l
′)
k
 for l = α, e, β, (S21)
with Λα(P) = Eα, Λe(P) = ∆1p(P) and Λβ(P) = ∆2p(P). As shown in the main text, we assume that the MFR
is due to the coupling between the open channel O and the bound state |φα〉 in the closed channel C, and the state
|φβ〉 is far-off resonant to channel O. Thus, the direct coupling between |φβ〉 and O can be neglected. Explicitly, we
can make the approximation 〈φβ |Hrel(P)|O〉I = 0 which yields 〈φβ |Y |O〉I = 0. Substituting Eq. (S20) into (S21), we
obtain the linear equations for b
(α,e,β)
k which gives
b
(l)
k =
∑
l′=α,e,β
{[EI − Σ(Ek,P)]−1}l,l′〈φl′ |Y |ψbg(+)k 〉r|O〉I . (S22)
Here {[EI − Σ(Ek,P)]−1}l,l′ denotes the (l, l′)-th element of the inverse matrix of the 3× 3 matrix EI − Σ(Ek,P),
where I is the 3 × 3 identical matrix and Σ(E,P) is the self-energy matrix which can be expressed as (in the basis
α, e, β)
Σ(E,P) =
 Eα + 〈φα|VhfGbg(E)Vhf |φα〉 Ω∗α 0Ωα ∆1p(P) + 〈φe|VFDGD(E)VFD|φe〉 Ω∗β
0 Ωβ ∆2p(P)
 , (S23)
4with
Vhf = Vhf(r)|O〉I〈C|+ h.c.;
VFD = VFD(r)|F 〉I〈D|+ h.c.;
Gbg(E) =
1
E + i0+ −
(
p2
2µ + Vbg(r)
) ;
GD(E) =
1
E + i0+ −
(
p2
2µ + VD(r)
) .
Substituting Eq. (S22) into Eqs. (S20, S14), we can obtain the expression for |Φk〉 and the scattering state |Ψ(+)k 〉.
C. Low-Energy Expression for Σ(E,P)
In this paper we consider the cases where |E| is much smaller than the characteristic energy of Vbg(r), i.e., the van
der Waals energy EvdW. For these cases, the expression (S23) of Σ(E,P) can be significantly simplified.
First, for real E, the factor 〈φα|VhfGbg(E)Vhf |φα〉 can be re-expressed as
〈φα|VhfGbg(E)Vhf |φα〉 =
ˆ
dq
|〈φα|Vhf |ψbg(+)q 〉r|O〉I |2
E + i0+ − Eq
=
ˆ
dq
|〈φα|Vhf |ψbg(+)q 〉r|O〉I |2
−Eq +
ˆ
dq|〈φα|Vhf |ψbg(+)q 〉r|O〉I |2
(
1
E + i0+ − Eq −
1
−Eq
)
,
(S24)
In the region where Eq  |E|, we have
∣∣∣ 1E−Eq − 1−Eq ∣∣∣  ∣∣∣ 1−Eq ∣∣∣ . Thus, in this region the contribution of the to-
be-integrated function in the second term of the r.h.s. of Eq. (S24) can be neglected. Therefore, we can only do
the second integration in the r.h.s. of Eq. (S24) in the region where Eq is not much larger than E. On the other
hand, in realistic ultracold atom systems, the inter-channel coupling Vhf(r) is negligible in the region r & rvdW with
rvdW being the van der Waals radius. Thus, the the factor |〈φα|Vhf |ψbg(+)q 〉r|O〉I |2 is determined by the behavior of
the wave function r〈r|ψbg(+)q 〉r in the region r . rvdW, where Vbg(r) is a deep potential well and thus r〈r|ψbg(+)q 〉r is
almost independent of q for Eq < EvdW. Therefore, in our calculation we make the approximationˆ
dq|〈φα|Vhf |ψbg(+)q 〉r|O〉I |2
(
1
E + i0+ − Eq −
1
−Eq
)
≈ |〈φα|Vhf |ψbg(+)q=0 〉r|O〉I |2
ˆ
dq
(
1
E + i0+ − Eq −
1
−Eq
)
= η(E)|〈φα|Vhf |ψbg(+)q=0 〉r|O〉I |24pi2µ
√
2µ, (S25)
where
η(E) =
{ −i√E, for E > 0√
(−E), for E < 0 or Im[E] 6= 0 , (S26)
with
√
z =
√|z|ei arg[z]/2 and arg[z] ∈ (−pi,+pi]. Thus, we have
〈φα|VhfGbg(E)Vhf |φα〉 ≈ E′α + χ(E), (S27)
where
E′α =
ˆ
dq
|〈φα|Vhf |ψbg(+)q 〉r|O〉I |2
−Eq ; (S28)
χ(E) = η(E)|〈φα|Vhf |ψbg(+)q=0 〉r|O〉I |24pi2µ
√
2µ. (S29)
Second, as shown above, in our system ED − Ee is much larger then both ∆1p(P) and E. As a result, the factor
〈φe|VFDGD(E)VFD|φe〉 is almost independent of E, and satisfies [1]
Im [〈φe|VFDGD(E)VFD|φe〉] = −iγ
2
, (S30)
5with γ being the decay rate of |φe〉. In addition, Re [〈φe|VFDGD(E)VFD|φe〉] is the Lamb shift of the energy of |φe〉
, which is induced by the coupling between |φe〉 and the channel D. It can be absorbed in the definition of Ee.
Explicitly, we can make the notation replacement
Ee + Re [〈φe|VFDGD(E)VFD|φe〉]→ Ee. (S31)
Substituting Eqs. (S27,S30,S31) into Eq. (S23), we obtain
Σ(E,P) ≈
 Eα + E′α + χ(E) Ω∗α 0Ωα ∆1p(P)− iγ2 Ω∗β
0 Ωβ ∆2p(P)
 , (S32)
Our following calculation are based on this low-energy expression of Σ(E,P).
D. 3D Scattering Amplitude
Now we consider the elastic scattering amplitude in the open channel O. According to the formal scattering theory,
for our system this scattering amplitude can be expressed as
f = −(2pi)2µ
[
I〈O|r〈k′|(V + Y + Z)|Ψ(+)k 〉
]
, (S33)
where k and k′ are the incident and output momentum, respectively, and satisfies |k| = |k′| = k, and the operator V
is defined as
V = Vbg(r)|O〉I〈O|+ VD(r)|D〉I〈D|. (S34)
Substituting the expression of the scattering state |Ψ(+)k 〉 derived in Sec. II.B into Eq. (S33) and doing some
straightforward calculations, we obtain
f = f (bg) − (2pi)2µ
∑
l=α,e,β
I〈O|r〈ψbg(−)k′ |Y |φl〉b(l)k , (S35)
with b
(l)
k being given by Eq. (S22). Here f
(bg) = −(2pi)2µ
[
|r〈k′|Vbg(r)|ψbg(+)k 〉
]
is the background scattering amplitude
for the open channel itself, and |ψbg(−)k′ 〉 is the in-coming scattering state for the open channel itself, which is defined
as
|ψbg(−)k′ 〉r = lim
ε→0−
iε
Ek′ + iε−
(
p2
2µ + Vbg(r)
) |k′〉r (S36)
and satisfies
r〈ψbg(−)k′ | = r〈k′|+ r〈k′|Vbg(r)Gbg(Ek′). (S37)
Substituting Eq. (S22) into Eq. (S35), we can further derive
f = f (bg) − (2pi)2µe2iδ
(bg)
Ek |〈φα|Vhf |ψbg(+)k 〉r|O〉I |2{[EkI − Σ(Ek,P)]−1}αα. (S38)
Here δ
(bg)
Ek
is the s-wave phase shift for the open channel O itself and we have used the relation r〈ψbg(−)k |r〉r =
e
2iδ
(bg)
Ek r〈ψbg(+)k |r〉r, with |r〉r being the eigen-state of the two-atom relative position operator. This relation can be
proved via the Schro¨dinger equation in the spatial space as well as the out-going and in-coming boundary conditions
satisfied by r〈r|ψbg(±)k 〉r. Furthermore, as shown above, in our problem the factor |〈φα|Vhf |ψbg(+)k 〉r|O〉I |2 changes
very slowly with k for Ek  EvdW. Therefore, we can make the approximation
|〈φα|Vhf |ψbg(+)k 〉r|O〉I |2 ≈ |〈φα|Vhf |ψbg(+)k=0 〉r|O〉I |2 (S39)
in the r.h.s. of Eq. (S38), and obtain
f = f (bg) − (2pi)2µe2iδ
(bg)
Ek |〈φα|Vhf |ψbg(+)k=0 〉r|O〉I |2{[EkI − Σ(Ek,P)]−1}αα, (S40)
with Σ(Ek,P) given by Eq. (S32). In the following we use the result (S40) to calculate the scattering length.
6E. Proof of Eq. (8)
Now we calculate the scattering length a for zero scattering energy and proof Eq. (8) of the main text. The
scattering length is defined as
a = −f |k=k′=0. (S41)
We first consider the case without Raman beams (i.e., Z = 0). Taking k = k′ = 0 for Eq. (S40) and using the fact
δ
(bg)
Ek=0
= 0, we obtain
a = abg − (2pi)2µ |〈φα|Vhf |ψ
bg(+)
k=0 〉r|O〉I |2
Eα + E′α
, (S42)
where abg = −f (bg)|k=k′=0 is the background scattering length, and E′α is defined in Eq. (S28). Comparing this
result with the usual expression for the scattering length near a MFR
a = abg
(
1− ∆B
B −B0
)
, (S43)
we obtain the relations
(2pi)2µ|〈φα|Vhf |ψbg(+)k=0 〉r|O〉I |2 = (δµ)abg∆B ; (S44a)
Eα + E
′
α = (δµ)(B −B0), (S44b)
where δµ is the magnetic momentum difference between the open channel O and the closed channel C, as defined in
the main text.
Now we consider the case with Raman beams. In this case we can also calculate the scattering length a by taking
k = k′ = 0 for Eq. (S40). Using Eqs. (S44a, S44b, S30, S32), we finally obtain
a(P)=abg −
(δµ)abg∆B
[
∆1p(P)− iγ2 − |Ωβ |
2
∆2p(P)
]
(δµ)(B −B0)
[
∆1p(P)− iγ2 − |Ωβ |
2
∆2p(P)
]
− |Ωα|2
. (S45)
That is Eq. (8) in the main text.
III. 3D BOUND-STATE ENERGY
Now we calculate the energy Eb of the 2-body bound state |Φb〉. Here we consider the case with |Eb|  EvdW.
Since we have assumed that the threshold energy of the the auxiliary channel D is much lower than −EvdW, precisely
speaking there is no bound state with |Eb|  EvdW. Nevertheless, our system may have approximate bound state
(quasi bound state) with complex energy Eb which satisfies
Re[Eb] < 0, |Re[Eb]|  EvdW, Im[Eb] < 0.
Here Re[Eb] and |Im[Eb]| describe the energy and decay rate of this approximate bound state, respectively. Similar
as above, for our system both |Φb〉 and Eb are functions of the of the CoM momentum P.
We can obtain the approximate bound state via the equation
Heff(P)|Φb〉 = Eb(P)|Φb〉. (S46)
Here Heff(P) is the effective Hamiltonian for our system and can be expressed as
Heff(P) = HF (P) + Vhf + Z − iγ
2
|φe〉〈φe|. (S47)
We can further express |Φb〉 as |Φb〉 = |φO〉r|O〉I +
∑
l=α,e,β cl|φl〉. Substituting this expression into Eq. (S46), we
can derive the equations for |φO〉r and the coefficients cl (l = α, e, β). Eliminating |φO〉r from these equations and
using Eq. (S27,S28,S29), we obtain
[EbI − Σ(Eb,P)]
 cαce
cβ
 = 0. (S48)
7with Σ(Eb,P) being given by Eq. (S32). Eq. (S48) yields that the energy Eb is determined by the equation
det [EbI − Σ(Eb,P)] = 0. (S49)
We derive Eb by numerically solving Eq. (S49).
IV. ROBUSTNESS OF OUR RESULTS
Now we consider the robustness of our result with respect to the uncertainty of the MFR point B0 and width ∆B .
We first study the effect induced by the uncertainty of B0 for the ultracold
40K gas discussed in our main text. For this
system the main value of B0 is 202.2G and the uncertainty of B0 is 0.02G [4]. Below in Fig. S2(a) we show the behavior
of Re[a(Px)] for the cases where B0 = 202.2G and 202.2 ± 0.02G while B is fixed at 202.2G − 0.07∆B = 201.64G
(corresponding to the case in Fig. 2(a) of the main text). Similarly, in Fig. S2(b) and Fig. S2(c) we show the results
for B = 202.2G + 0.07∆B = 202.76G (corresponding to the case in Fig. 2(b) of the main text) and B = 202.2G,
respectively. These figures shows that our results are robust with respect to the uncertainty of the MFR point.
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Figure S2: (color online) Re[a(Px)] of ultracold
40K gases with MFR point B0 =202.2G (black solid line), B0=(202.2-0.02)G
(red squares) and B0=(202.2+0.02)G (blue circles). Here we consider the cases with fixed value of magnetic field B. (a):
B=202.2G-0.07∆B=201.64G (corresponding to the case in Fig. 2(a) of the main text), (b): B = 202.2G + 0.07∆B = 202.76G
(corresponding to the case in Fig. 2(b) of the main text) and (c): B = 202.2G. Other parameters of Fig. (a) and Fig. (b, c)
are same as the ones in Fig. 2(a) and Fig. 2(b) of the main text, respectively.
We can also understand our above conclusion with Fig. S3, where we illustrate variation of the scattering length
a(Px) with the magnetic field B, for the case in Fig. 2(b) of our main text. It is shown that for different CoM
momentum Px the scattering length has different resonant point in the B-axis. Therefore, loosely speaking, in our
system the Doppler effect induces a CoM momentum dependent shift of the MFR point, and make the scattering
length to be CoM momentum dependent. Fig. S3 clearly show that, when Px is modified from −2kF to 2kF the MFR
point is shifted by about 0.6G, which is much larger than the uncertainty of the MFR point (0.02G). Therefore, our
results are quite robust for that uncertainty.
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FIG. S3: (color online) The scattering length a(Px) as a function of B, for Px = 0 (black solid line), Px = −2kF (violet
dashed-doted-dotted line), Px = −kF (red dashed-dotted line),Px = +kF (blue dashed line) and Px = +2kF (green dotted
line). The parameters in this figure are same as in Fig. 2(b) of our main text.
8Now we investigate the effect of the uncertainty of the resonance width ∆B . To this end we consider two cases
with resonance width ∆B and ∆B + δB , where δB is the uncertainty of the resonance width. Eq. (8) of our main text
clearly show that the scattering lengths for these two cases satisfy the relation
a(P,∆B + δB)− abg
a(P,∆B)− abg =
∆B + δB
∆B
. (S50)
When the magnetic field is close to the resonance point, e.g., in the cases in Figs. 2(a, b) in the main text, we have
|a(P,∆B)|  |abg| and |a(P,∆B + δB)|  |abg|, which yields
a(P,∆B + δB)− a(P,∆B)
a(P,∆B)
=
δB
∆B
, (S51)
i.e., the relative error of the scattering length is just the relative uncertainty δB/∆B of the resonance width. In realistic
systems we usually have |δB/∆B |  1. Nevertheless, the Doppler-effect-induced relative variation of scattering length
with cener-of-mass momentum,(for our example of 40K atoms it is |a(Px=2kF )−a(Px=−2kF )||a(Px=2kF )| ) can be of the order of 1
or even larger, as shown in Figs 2(a, b). Thus, the Doppler effect is robust with respect to the uncertainty of the
resonance width.
V. QUASI-1D SYSTEM
In this subsection we consider an two-component Fermi gas in an quasi-1D confinement along the x-direction, as
described in the main text. In this system the effective low-energy 1D interaction between two atoms in different
components can be expressed as
V1D = g1Dδ(x) ≡ − 1
µa1D
δ(x), (S52)
where the 1D scattering length a1D is given by [5]
a1D = − b
2
⊥
2a(ω⊥)
(
1− C a
(ω⊥)
b⊥
)
. (S53)
Here b⊥ =
√
1/(µω⊥) is the characteristic length of the transverse trap and C = −ζ(1/2) = 1.4603.... In Eq. (S53)
a(E) is the “energy-dependent” 3D s-wave scattering length of these two atoms, which is defined as
a(E) =
−1
cot δE
√
2µE
(S54)
with δE being the s-wave phase shift corresponding to scattering energy E. It relates to the scattering length a we
studied before via the relation a(E=0) = a. When the two-atom interaction is controlled by a MFR modulated by two
Raman beams, the scattering length a(E) becomes a function of the CoM momentum P. This scattering length can
be calculated as follows. Using Eq. (S40) and the relation f (bg) = −1/[ik − k cot δ(bg)Ek ], we can re-express Eq. (S40)
as
f =
−1
ik − k cot δ(bg)Ek
− e
2iδ
(bg)
Ek
ik +Ak(P)
(S55)
where
Ak(P) =
1
(2pi)2µ|〈φα|W |ψbg(+)k=0 〉r|O〉I |2{[EkI − Σ(Ek,P)]−1}αα
− ik. (S56)
with Σ(Ek,P) given by Eq. (S32). On the other hand, Eq. (S57) yields f = −1/[ik+ 1/a(Ek)]. Comparing this result
and Eq. (S55) and using the relation −k cot δ(bg)Ek = 1/abg , we obtain the expression of a(Ek):
a(Ek) =
abgAk(P) + 1
Ak(P)− k2abg . (S57)
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FIG. S4: (color online) The loss probability Ploss for the quasi-1D system studied in Fig. 3 of the main text.
Here we consider the case in which the Raman beams are counterpropagating along the x-axis. It is clear that in this
case a(Ek) only depends on the value of Ek and the x-component of P (i.e., Px), and are independent of the direction
of k and the values of Py and Pz.
Substituting Eq. (S57) into Eqs. (S53, S52), we can obtain the expressions of the effective 1D scattering length
a1D and the the effective 1D interaction intensity g1D, which are both Px-dependent. In particular, according to Eqs.
(S52) and (S53), when a(ω⊥)(Px) is tuned to satisfy a
(ω⊥)(Px = 0) = a⊥/C we can obtain an interesting quasi-1D
system with g1D(Px = 0) =∞, g1D(Px > 0) < 0 and g1D(Px < 0) > 0, as shown in Fig. 3 of the main text.
Finally, we consider the two-body collisional loss of the quasi-1D gas of two-component 40K atoms studied in Fig. 3
of the main text, where the one-body momentum kx along the x-direction is in the region between ±k(1D)F ≡ ±3/(4b⊥)
and thus we have Px ∈ [−2k(1D)F , 2k(1D)F ]. For one quasi-1D scattering process, the two-body collisional loss probability
Ploss is given by Ploss = 1− |r|2 − |t|2, where r = −1/(1 + ikxa1D) and t = 1 + r are the reflection and transmission
amplitude of this scattering process, respectively, with kx being the incident momentum along the x-direction. For our
system Ploss also depends on the CoM momentum Px. In Fig. S4 we illustrate Ploss for our system with kx = k
(1D)
F .
It is shown that for this system the loss probability is at most on the order of 10−3.
With this result, we can further estimate the life time of our system. First, the density n1D of a quasi-1D ultracold
gas is related to the 1D Fermi momentum k
(1D)
F via n1D = k
(1D)
F /pi. Thus, the average distance of two atoms is
d = 1/n1D = pi/k
(1D)
F . Second, the maximum relative velocity of two atoms is vmax = k
(1D)
F /m, with m being the
single-atom mass. Thus, the frequency of the collision between a given atom and other atoms is at most ν = vmax/d.
Therefore, the life time for each atom in the ultracold gas can be estimated as τ1D = 1/(νPloss) = mpi/(~k(1D)2F Ploss).
Substituting the parameters of Fig. 3 of the main text into this formula, we obtain τ1D > 0.04s.
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